Certain abelian bornological groups of continuous mappings from topological spaces into abelian topological groups are shown to be isomorphic to bornological projective limits of abelian bornological groups of continuous mappings.
§1. Introduction
The study of bornological structures, most of which are bornological groups, has been carried out in various contexts, as one may see in the references of [1] and [6] . In Theorem 5.12 of [6] we have proved that certain groups of continuous group homomorphisms between topological groups, endowed with the equicontinuous bornology (which is a group bornology), are isomorphic to bornological projective limits of bornological groups of continuous group homomorphisms. The main purpose of the present paper is to establish a similar result for bornological groups of continuous mappings, according to which certain abelian groups of continuous mappings from topological spaces into abelian topological groups, endowed with the equicontinuous bornology (which is a group bornology), are isomorphic to bornological projective limits of abelian bornological groups of continuous mappings. A few applications of our main result are also presented, as well as the necessary prerequisites about projective limits and inductive limits of topological spaces. §2. Preliminaries on topological spaces Let (X i , τ i ), f ij i∈I be a projective system of topological spaces ( [3] , p.50), where I is a non-empty set endowed with a partial order ≤. Let X be the product set i∈I X i and put
where pr i : X → X i is the projection on the i-th factor. For each i ∈ I let f i be the restriction of pr i to lim ← − X i and consider lim ← − X i endowed with the initial topology τ for the family (X i , τ i ), f i i∈I . Then the following universal property holds: Proposition 2.1. Let (Y, μ) be an arbitrary topological space and assume that for each i ∈ I there exists a continuous mapping
Proof. By Proposition 1, p.77 of [4] , there exists a unique mapping f :
Definition 2.2. Under the above conditions, (lim ← − X i , τ) is said to be the topological projective limit of the projective system (X i , τ i ), f ij i∈I of topological spaces. Definition 2.3. Let (X i , τ i ), f ji i∈I be an inductive system of topological spaces (this means that I is a non-empty set endowed with a partial order
Since (X i , f ji ) i∈I an inductive system of sets, we can consider the inductive limit lim − → X i of this system in view of Exercise 9, p.136 of [4] . For each i ∈ I let f i : X i → lim − → X i be the canonical mapping and consider the set lim − → X i endowed with the final topology τ for the family (X i , τ i ), f i i∈I .
The following universal property holds: Proposition 2.4. Let (Y, μ) be an arbitrary topological space and assume that for each i ∈ I there exists a continuous mapping
Proof. By the exercise just mentioned, there exists a unique mapping
Definition 2.5. Under the conditions of Definition 2.3, (lim − → X i , τ) is said to be the topological inductive limit of the inductive system (X i , τ i ), f ji i∈I of topological spaces.
§3. The main result and applications
Throughout all topological groups will be abelian and will be written additively; the identity element of each such a group will be denoted by 0.
Given a topological space (X, τ ) and a topological group (G, θ), C(X, G) will denote the abelian group of all continuous mappings from (X, τ ) into (G, θ) and E θ τ will denote the equicontinuous bornology on C(X, G) ( [7] , p.39). Then E θ τ is a group bornology ( [6] , §2). In fact, let x 0 ∈ X and let X 1 ,
proving the equicontinuity of X 1 − X 2 at x 0 . By the arbitrariness of x 0 , we conclude that X 1 − X 2 ∈ E θ τ . Now, let (X α , τ α ), f βα α∈I be an arbitrary inductive system of topological spaces and (X, τ ) the topological inductive limit of this system, and let (G λ , θ λ ), u λμ λ∈J be an arbitrary projective system of topological groups and (G, θ) the topological projective limit of this system, which is a topological group ( [6] , §5).
is a projective system of abelian bornological groups ( [6] , §3).
If (α, λ) ∈ I × J is arbitrary and f α : X α → X and u λ : G → G λ are the canonical mappings, the group homomorphism
consequently, Ψ (α,λ) (g) (α,λ)∈I×J ∈ lim ← − C(X α , G λ ). Therefore we may state our main result:
is a bornological group isomorphism, the codomain of Ψ being the bornological projective limit of the projective system just mentioned.
Proof. Let us first prove that Ψ is a group isomorphism. Indeed, let h = (h (α,λ) ) (α,λ)∈I×J ∈ lim ← − C(X α , G λ ) be arbitrary. For each fixed λ ∈ J, let us consider the family (h (α,λ) ) α∈I . Since
for α ≤ β, Proposition 2.4 implies the existence of a unique continuous map-
On the other hand, we have u λμ • g μ = g λ for λ ≤ μ. In fact, since
for all α ∈ I, and since every element of X is of the form f α (x α ), it follows that u λμ • g μ = g λ . Thus, by Proposition 2.1, there exists a unique continuous mapping g :
and Ψ is surjective. Now, let g ∈ C(X, G) be such that Ψ(g ) = h; hence
To prove that g = g it is enough to guarantee that u λ • g = g λ for all λ ∈ J (which is the same as saying that
Therefore g = g, and Ψ is bijective. Consequently, Ψ is a group isomorphism. Now, let us prove that Ψ is a bornological group isomorphism. Indeed,
τα for all (α, λ) ∈ I ×J. Thus Ψ is bounded. On the other hand, let Y be an arbitrary Bbounded set. Since Ψ is bijective, for each h ∈ Y there is a unique g h ∈ C(X, G)
Y). By the B-boundedness
of Y, we have that u λ •X•f α is equicontinuous for all (α, λ) ∈ I ×J. Therefore, by Corollary 4 of [5] , X is equicontinuous, and Ψ −1 is bounded.
This completes the proof.
Remark 3.2.
In the first line (resp. second line) of the proof of Corollary 4 of [5] , the word "left" must be inserted before the first word (resp. word) "uniform".
Corollary 3.3. Let (X α , τ α ) α∈I be a non-empty family of topological spaces and (Z, τ ) the topological sum of this family ( [3] , p.33), and let (G λ , θ λ ) λ∈J be a non-empty family of topological groups and (G, θ) the topological product of this family (which is a topological group by Corollary 5.2(b) of [6] ). Then the bornological groups C(Z, G), E θ τ and
(endowed with the product bornology) are isomorphic.
Proof. Consider I and J endowed with their respective equality relations and put f αα = 1 Xα for α ∈ I and
is an inductive system of topological spaces whose topological inductive limit is (Z, τ ), and (G λ , θ λ ), u λλ λ∈J is a projective system of topological groups whose topological projective limit is (G, θ). Moreover, the bornological groups
coincide. Hence the result follows immediately from Theorem 3.1.
Before giving the last applications, let us recall the following . Let R be a ring with a non-zero identity element and let E be a unitary left R-module. A topology θ on E is said to be linear, and (E, θ) is said to be a linearly topologized R-module, if it is translation-invariant and if 0 admits a fundamental system of θ-neighborhoods consisting of submodules of E.
Example 3.5. Let M be an arbitrary ideal of R and let E be an arbitrary unitary left R-module. It is easily verified that there exists a unique group topology θ on E for which
constitutes a fundamental system of θ-neighborhoods of 0. Since every element of U is a submodule of E, (E, θ) is a linearly topologized R-module (if M = {0} (resp. M = R), θ is the discrete (resp. chaotic) topology).
If (E, θ) is a linearly topologized R-module, it is obvious that ((E, +), θ) is a topological group. Thus the following consequence of Theorem 3.1 holds: Corollary 3.6. Let (X α , τ α ), f βα α∈I be an arbitrary inductive system of topological spaces and (X, τ ) the topological inductive limit of this system, and let (E λ , θ λ ), u λμ λ∈J be an arbitrary projective system of linearly topologized R-modules and (E, θ) the topological projective limit of this system (which is a linearly topologized R-module). Then the group homomorphism Ψ : g ∈ C(X, E), E is a bornological group isomorphism.
By arguing exactly as in the proof of Corollary 3.3, with Corollary 3.6 in place of Theorem 3.1, one obtains: Corollary 3.7. Let (X α , τ α ) α∈I be a non-empty family of topological spaces and (Z, τ ) the topological sum of this family, and let (E λ , θ λ ) λ∈J be a nonempty family of linearly topologized R-modules and (E, θ) the topological product of this family (which is a linearly topologized R-module). Then the bornological groups C(Z, E), E 
